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Abstract: We present a method for calculating event shapes in QCD based on corre-
lation functions of conserved currents. The method has been previously applied to the
maximally supersymmetric Yang-Mills theory, but we demonstrate that supersymmetry is
not essential. As a proof of concept, we consider the simplest example of a charge-charge
correlation at one loop (leading order). We compute the correlation function of four elec-
tromagnetic currents and explain in detail the steps needed to extract the event shape from
it. The result is compared to the standard amplitude calculation. The explicit four-point
correlation function may also be of interest for the CFT community.
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1 Introduction
Event shapes are important infrared safe observables in QCD [1–8]. For example, energy
weighted cross sections can be used to measure the strong coupling constant, or to study
jet physics. As such, they have the potential of connecting partonic and hadronic cross
sections, especially within approaches that are valid non-perturbatively. One of the best
known event shapes is the energy-energy correlation (EEC), widely studied in, e.g., e+e−
annihilation.
There has been considerable recent theoretical interest in event shapes. While numeri-
cal results are in principle enough for comparison with experiment, they may require heavy
computer resources, or have intrinsic limitations as far as numerical accuracy is involved.
Analytic results, on the other hand, are typically fast to evaluate to essentially arbitrary
numerical precision.
To illustrate some of the recent analytic developments, let us mention that the next-
to-leading-order (NLO) result for the EEC in QCD was obtained analytically in [9], 40
years after the leading-order (LO) result [2, 3] (the numerical result had been known
earlier [6, 10]). Remarkable progress was achieved in maximally supersymmetric Yang-
Mills (N = 4 sYM) theory, where the first ever NLO result was obtained in [11]. Moreover,
while the EEC at NNLO is known only numerically in QCD [12], even an analytic NNLO
result is available in the N = 4 sYM theory [13]. This progress was made possible by a
novel approach [14–16] that will also be central to this paper.
Furthermore, analytic approaches are much better suited to studying observables in
extreme kinematic limits, such as the back-to-back limit or small angle limit, where large
logarithms occur that need to be resummed in order to compare to experiment. Much
recent progress has also been made in this direction, see [17–19].
The traditional approach to computing event shapes uses amplitude methods and
assembles the weighted cross sections from various ingredients, such as real and virtual
contributions and phase-space integrals. While the final result is infrared finite, the in-
termediate expressions are infrared divergent and require intricate cancellations of singu-
larities. The phase space integrals involved are often difficult to evaluate. In contrast,
the novel approach is based on finite correlation functions. For example, in the case of
the EEC, one starts with the correlation function of two currents representing the sources,
and two energy-momentum tensors representing the detectors. The event shape is then
obtained by sending the detectors to lightlike infinity and integrating over their working
time. This is a conceptual improvement, as unnecessarily large intermediate expressions
(involving unphysical regulated terms) are avoided.
Furthermore, this approach has the potential of exposing new structural properties of
the observables: thanks to the connection between the two objects, the general properties of
the four-point functions can inform us about the behavior of the event shapes, in particular
beyond perturbation theory. For example, it was shown in [19] that the light-ray OPE gives
a non-perturbative expansion for event shapes in terms of conformal blocks, and starting
from OPE data they were able to make new four-loop predictions for the small angle
expansion. Recently, a new integral representation for the EEC in the N = 4 sYM theory
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was found in [13]. It relates the EEC to a two-fold integral of the triple discontinuity of
the four-point correlation function. In this way, information on the analytic properties of
the correlation functions can be used to derive consequences for the event shapes.
In the literature, the correlation function approach was first proposed for energy and
charge correlations in a generic conformal field theory in [14]. It was developed further in
[15] and applied to these two event shapes (as well as to the mixed energy-charge correla-
tion) in the particular framework of the N = 4 sYM theory in [11, 16]. One should bear
in mind that this theory is very special due to the extended super(conformal) symmetry,
so one may doubt how useful the approach is in realistic QCD calculations. Moreover,
supersymmetry relates different event shape observables, leaving no essential difference (a
prefactor) between energy-energy and charge-charge correlations [16, 20, 21].
In this paper, we overcome these limitations. We work directly in QCD, and compute
for the first time an event shape at one loop (or LO, i.e. order O(g2) in the coupling) using
the correlation function approach. Compared to other calculations, we observe that while
supersymmetry has been helpful in the past and provided simplifications, it is not necessary
for the method to work. Our main goal is the proof of a new concept, therefore we chose the
simplest example of a charge-charge correlation (QQC). The method applies equally well
to the EEC, although the computation of a correlation function with energy-momentum
tensors is technically more involved.
This paper constitutes a first application of the new method to QCD, and therefore we
also performed the calculation using standard amplitude methods, as a check. It should be
emphasized that at the order we work in, the standard amplitude calculation is certainly
more efficient. As we discuss in the outlook section, there are reasons to think that this
will change at higher orders.
As a key ingredient of our analysis, we obtain the four-point correlation function of
spin-one operators (electromagnetic currents) at one loop in QCD. This object is interesting
in itself because the conserved currents are protected from UV renormalization. At the
order O(g2) the correlation function is conformally covariant because the beta function is
of order O(g3). Conformal four-point functions of operators of spin zero are well studied.
They are very important in the context of the operator product expansion (OPE), and
in particular for the conformal bootstrap. The general structure of conformal correlators
of operators with spin has been discussed in, e.g., refs. [22–25]. As far as we are aware,
our result is the first explicit loop-level non-supersymmetric example of such a four-point
correlator. In principle, it could also be determined by the CFT data, i.e. the scaling
dimensions and the structure constants, but this is yet to be worked out. We believe that
our correlation function can serve as a first data point for OPE studies.
The paper is organized as follows. In Section 2 we review the definition of event shapes
as weighted cross sections, and how they can be obtained from correlation functions. The
following Section 3 is dedicated to the calculation of the correlation function of four currents
at one loop in QCD using the Lagrangian insertion technique. The result for the four-point
correlator, which may be of interest in itself to researchers in CFT, is given in eq. (3.25).
In Section 4 we extract from this result the charge-charge correlation at LO in QCD,
eq. (4.31), and we compare with the result of the traditional amplitude calculation, which
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can be found in Appendix B. Finally, we conclude and comment on future directions in
Section 5.
2 Event shapes from correlation functions
In this section we review the basic definition of an event shape in QCD and its relationship
to correlation functions. We restrict ourselves to the case of the electromagnetic current
Jµ as the source and the associated electric charge Q as the detector. The generalization
to other setups is straightforward [14, 16].
2.1 Event shapes as weighted cross sections
Let P · J(x) = PµJµ(x) be a vector current Jµ(x) = trΨ¯γµΨ projected with a (complex)
polarization vector Pµ. Here Ψ denotes a set of Dirac spinors describing the quarks and
antiquarks in the fundamental representation of the color group. Further, let |X〉 be the
final state created by this gauge invariant operator from the vacuum. To lowest order in
the coupling it consists of a quark-antiquark pair. In general, the state
∫
d4xeiqxP ·J(x)|0〉
involves an arbitrary number of particles, with total momentum qµ and zero color charge.
The amplitude for the creation of a particular final state |X〉 with total momentum kX is
〈X|
∫
d4xeiqxP · J(x)|0〉 = (2π)4δ(4)(q − kX)MJ→X , (2.1)
where
MJ→X = 〈X|P · J(0)|0〉 (2.2)
is the form factor of the current on the on-shell state X. The total probability of this
process is given by the sum over all the final states,
σtot(q) =
∑
X
(2π)4δ(4)(q − kX)|MJ→X |
2 . (2.3)
Inserting the completeness relation ∑
X
|X〉〈X| = 1 , (2.4)
we can rewrite (2.3) as
σtot(q) =
∫
d4x eiqx〈0|P¯ · J(x) P · J(0)|0〉W . (2.5)
In other words, the total cross section can be interpreted as the Fourier transform of the
two-point correlation function of the current, 〈Jµ(x)Jν(0)〉W , projected with the polariza-
tion matrix P¯µP ν . It is important to point out that this correlation function, defined in
Minkowski space-time, is not time-ordered. This is denoted by the subscript W meaning
Wightman prescription. The alternative definition (2.5) of the total cross section (2.3)
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allows us to avoid infrared divergences at the intermediate steps and the necessity to sum
over all the final states.
An event shape is defined as a weighted cross section with a weight factor w(X) for
the contribution of each state |X〉,
σw(q) = σ
−1
tot
∑
X
(2π)4δ(4)(q − kX)w(X)|MJ→X |
2
= σ−1tot
∫
d4x eiqx
∑
X
〈0|P¯ · J(x)|X〉w(X)〈X|P · J(0)|0〉 , (2.6)
normalized so that σw(q) = 1 for w(X) = 1. The event shape σW (q) describes the flow of
the quantum numbers of the particles, i.e. energy, charges, etc. In this paper we study the
case of charge flows.
For a given final state |X〉 = |k1, . . . , kℓ〉, consisting of ℓ massless particles, k
2
i = 0,
with charges Qi and total momentum
∑
i k
µ
i = q
µ, the weight factor is defined in the rest
frame of the source qµ = (q0,~0) as
wQ(k1, . . . , kℓ) =
ℓ∑
i=1
Qi δ
(2)(Ω~ki − Ω~n) , (2.7)
where kµi = (k
0
i ,
~ki) and Ω~ki =
~ki/|~ki| is the solid angle in the direction of ~ki. The unit
vector ~n (with ~n2 = 1) indicates the direction of the charge flow. The weight (2.7) is the
eigenvalue of the charge flow operator,
Q(~n)|X〉 = wQ(X)|X〉 . (2.8)
The explicit expression for the operator Q(~n) is given in terms of the time component of
the current as an integral over the working time t of the detector at the point r~n infinitely
far away from the collision point [26–30] (see also [14]) :
Q(~n) =
∫ ∞
0
dt lim
r→∞
r2 ni J0(t, r~n) . (2.9)
It satisfies the commutativity condition
[Q(~n),Q(~n′)] = 0 for ~n 6= ~n′ , (2.10)
meaning that the charge flows in the directions ~n and ~n′ can be measured separately.
Making use of (2.10) we can define a weight which measures the charge flows in two
(or more) directions ~n, ~n′ simultaneously:
Q(~n)Q(~n′)|X〉 = wQ(~n)(X)wQ(~n′)(X)|X〉 . (2.11)
Substituting eqs. (2.8) and (2.11) into (2.6) we can apply the completeness relation (2.4)
and obtain the following representation of the corresponding weighted cross sections (or
charge flow correlations)
〈Q(~n)〉 = σ−1tot
∫
d4x eiqx〈0|P¯ · J(x)Q(~n)P · J(0)|0〉W , (2.12)
〈Q(~n)Q(~n′)〉 = σ−1tot
∫
d4x eiqx〈0|P¯ · J(x)Q(~n)Q(~n′)P · J(0)|0〉W , etc. (2.13)
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We repeat that the product of operators in (2.12), (2.13) is not time ordered and their
correlation functions are of the Wightman type. We will refer to the currents at points
x and 0 as to the sink and source, respectively. The flow operators Q will be called
detectors. The event shapes (2.12), (2.13), etc. are called single charge, charge-charge, etc.
correlations.
In this paper we specialize to the lowest nontrivial perturbative level (LO), i.e. O(g2).1
The standard calculation of the weighted cross section (2.13) from amplitudes is given in
Appendix B. The bulk of the paper is devoted to obtaining the same result from the
integrated correlation function of four electromagnetic currents.
2.2 Weighted cross sections from correlation functions
The underlying quantity in the definitions (2.12), (2.13), etc. of the weighted cross sections
of m charge flow detectors Q(~n1), . . . ,Q(~nm) are the Wightman correlation functions of
(m+2) currents 〈Jµ(x)Jλ1(x1) . . . Jλm(xm)Jν(0)〉W . In this subsection we explain how the
Wightman correlation function in (2.12) can be obtained from its Euclidean counterpart by
analytic continuation. We then apply it to computing the single-charge correlation at Born
level (free theory). This simple example illustrates the procedure that we implement in
the rest of the paper. At the end of the subsection we comment on the non-trivial analytic
continuation of the four-point correlation function at loop level.
The Euclidean correlation functions have short-distance singularities when xi → xj .
In Minkowski space, additional singularities arise when the operators become lightlike
separated, x2ij → 0. In this case the analytic properties of the correlation function depend
on the ordering of the operators.
In (2.9) we defined the charge flow operator in the rest frame of the source qµ = (q0,~0).
The detector coordinates xµ = (t, r~n) can be decomposed in the basis of two lightlike
vectors,
xµ = x+n
µ + x−n¯
µ , nµ = (1, ~n) , n¯µ = (1,−~n) . (2.14)
Manifest Lorentz covariance is restored by independent rescaling of these vectors,
nµ → ρnµ , n¯µ → ρ¯ n¯µ , ρ, ρ¯ > 0 . (2.15)
Then the covariant definition of the light-cone coordinates in (2.14) becomes
x+ =
(xn¯)
(nn¯)
, x− =
(xn)
(nn¯)
. (2.16)
We can now reformulate the detector limit r →∞ and the integration over the working
time interval 0 ≤ t < ∞ in terms of the light-cone variables x± (for the detailed physical
motivation see [14–16]),
Q(n) =
∫ ∞
−∞
dx−(nn¯) lim
x+→∞
x2+ J+(x+n+ x−n¯) . (2.17)
1At Born level O(g0) the event shape is given by contact terms, which we do not consider in this paper.
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Here J+ ≡ n¯
µJµ(x)/(nn¯) is the covariant light-cone projection of the current. Lorentz
covariance requires that the charge flow operator transforms homogeneously under the
rescaling (2.15), Q → ρ−2Q. As we shall see later on, the dependence on the auxiliary
vector n¯ is redundant and it drops out of the final result for the event shape.
2.3 A simple example: single charge correlation
Here we present a very simple example which illustrates all the main steps in obtaining
an event shape from a Euclidean correlation function of currents. Consider the three-
point function of currents made from a single Dirac fermion in the free theory (Born)
approximation. According to (2.12), the single charge correlation is given by2
〈Q(~n)〉 = σ−1tot
∫
d4x eiqx1
∫ ∞
−∞
dx2−(nn¯)
× lim
x2+→∞
x22+ 〈0|P¯ · J
(v)(x1) n¯ · J
(a)(x2+n+ x2−n¯)P · J
(v)(0)|0〉W . (2.18)
Using the Feynman rules from Section 3 we can easily compute the Euclidean correla-
tion function. We find (up to a normalization factor)
GE = 〈P¯ · J
(v)(x1) n¯ · J
(a)(x2) P · J
(v)(0)〉E
∼
1
(x212x
2
1x
2
2)
2
[
tr(P¯ x˜12n¯x˜2Px˜1) + tr(P¯ x˜1Px˜2n¯x˜21)
]
. (2.19)
We need to perform the analytic continuation to the Wightman function in Minkowski
space. To this end we replace each Euclidean interval by a Minkowski one, with the
prescription
x2ij → x
2
ij − iǫx
0
ij for i < j . (2.20)
The next step is to take the detector limit of the Wightman function. The detector coor-
dinate is xµ2 = x2+n
µ + x2−n¯
µ. Then, for x2+ →∞ we have
x212 − iǫx
0
12 → 2x2+(x2−(nn¯)− (x1n) + iǫ) ,
x22 − iǫx
0
2 → 2x2+(x2−(nn¯)− iǫ) , (2.21)
and we find from (2.19)
lim
x2+→∞
x22+GW ∼
(nn¯) iǫµνλρP¯
µP νnλxρ1
(x2−(nn¯)− (x1n) + iǫ)2(x2−(nn¯)− iǫ)2(x21 − iǫx
0
1)
2
. (2.22)
According to (2.18), we have to integrate this expression over the detector time (or
light-cone coordinate) x2−. In (2.22) we see two double poles in x2− located on the two
sides of the real axis. Closing the integration contour in the upper half-plane, we get∫ ∞
−∞
dx2−(nn¯) lim
x2+→∞
x22+GW ∼
iǫµνλρP¯
µP νnλxρ1
((x1n)− iǫ)3(x21 − iǫx
0
1)
2
. (2.23)
2 In order to have a non-vanishing correlation function we need to consider different currents. Here we
chose a vector current J(v) at points x1 and 0 as the sink/source, and an axial current J
(a) at point 2 as
the detector. Another possibility is to have three vector currents with antisymmetrized flavor indices.
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As expected, the auxiliary lightlike vector n¯ has dropped out, and the result is homogeneous
of degree (−2) under the rescaling of the vector n. The Levi-Civita tensor originates from
the parity-odd three-point correlation function that we started with.
The last step is the Fourier integral in (2.18), computed with the help of the formula
∫
d4x eiqx
(x2 − iǫx0)a+1((nx)− iǫ)b+1
=
(4π)3 (i/2)2a+b+3
Γ(a+ 1)Γ(a + b+ 1)
θ(q2)θ(q0)
(q2)a+b
(nq)b+1
. (2.24)
Due to the current conservation condition we can identify Pµ → Pµ + λqµ. This allows us
to choose a polarization vector orthogonal to the momentum, (Pq) = (P¯ q) = 0. The total
cross section in (2.18) is the Fourier transform of the two-point function of the source,∫
d4x 〈P¯ · JP · J〉 ∼ θ(q2)θ(q0)(P¯P )q2 . (2.25)
In the rest frame qµ = (q0,~0) we have Pµ = (0, ~p) and (P¯P ) = −|~p|2. Finally, the event
shape is given by the expression
〈Q(~n)〉 ∼
i
|~p|2
ǫijkp
∗
i pjnk , (2.26)
which exists only for a complex polarization vector [14].
This concludes our pedagogical example. In Sect. 4 we apply the same procedure to
the four-point correlation function of electromagnetic currents in QCD.
2.4 Charge-charge correlation for e+e− annihilation
Let us recall the physics of the collider experiment e+e− → γ∗(q)→ X. A pair of leptons
e+, e− annihilates into a virtual photon γ∗ with off-shell momentum qµ, which in turn
decays into a number of quarks and gluons (final state X). The matrix element squared
for this process can be written in the factorized form∑
X
|Me+e−→X |
2 = LµνH
µν . (2.27)
The (symmetric) hadronic matrix H accounts for the non-trivial decays γ∗ → X. In
the case of charge-charge correlations under consideration, the charge-weighted hadronic
matrix is identified with the correlation function of two currents and two charge operators
(2.17),
Hµν(q, n, n
′) =
∫
d4x eiqx〈0|Jµ(x)Q(n)Q(n
′)Jν(0)|0〉W . (2.28)
The leptonic matrix L is made from two vertices e+e− → γ∗. In the typical case of an
unpolarized beam (i.e. summing over the polarizations of the incoming particles) it has
the following simple form [31]:
Lµν ∼ ℓ
+
µ ℓ
−
ν + ℓ
+
ν ℓ
−
µ − ℓ
+ · ℓ−ηµν . (2.29)
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θ~ℓ
~n
~n′
dΩ′
dΩ
Figure 1: Two-detector configuration in e+e− scattering. The vectors ~n, ~n′, ~ℓ denote the
directions of the detectors and of the e+e− beam, respectively.
Here ℓ± (with (ℓ±)2 = 0 and ℓ+ + ℓ− = q) are the on-shell momenta of the two leptons.
The current conservation conditions qµLµν = q
µHµν = 0 become L0ν = H0ν = 0 in the
center-of-mass frame qµ = (q0,~0). In it ℓ± = (q0/2,±~ℓ) where the vector ~ℓ defines the
direction of the beam. Then (2.27), (2.29) yield
∑
X
|Me+e−→X |
2 ∼
[
(q0)2
4
δij + ~ℓ
2δij + 2ℓiℓj
]
H ij(q0, ~n, ~n′) . (2.30)
The term in the brackets contains the information about the beam direction, relative to the
directions of two detectors ~n, ~n′ (see Fig. 1). In some of the early papers [2, 3] the energy-
energy correlation (EEC) was defined as a function of these three directions. Nowadays
one considers a simplified observable (see, e.g., [1, 4]), in which one integrates over the
direction of the beam ~ℓ, or equivalently, over the orientation of the detector plane relative
to the beam. Rotation symmetry then tells us that the right-hand side of (2.30) is reduced
to the trace H ii. The Lorentz covariant version of this averaging procedure is∫
d2Ωℓ
∑
X
|Me+e−→X |
2 ∼ ηµνH
µν =
∫
d4x eiqx〈0|Jµ(x)Q(n)Q(n′)Jµ(0)|0〉W . (2.31)
In conclusion, the charge-charge correlation (2.13), averaged over the orientation of
the detector plane, becomes
〈Q(n)Q(n′)〉 = σ−1tot
∫
d4x eiqx〈0|Jµ(x)Q(n)Q(n′)Jµ(0)|0〉W . (2.32)
This quantity depends on the virtual photon momentum q and on the lightlike directions
n, n′ of the two detectors. Counting the dimensions of the operators involved in (2.32) and
taking into account the scaling properties under (2.15), we conclude that
〈Q(n)Q(n′)〉 =
FQQC(ζ)
4π2(nn′)2
, ζ =
q2(nn′)
2(qn)(qn′)
. (2.33)
In the center-of-mass frame the variable ζ is related to the angle between the two detectors,
2ζ = (nn′) = 1− ~n · ~n′ ≡ 1− cos θ . (2.34)
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The purpose of the rest of the paper is to compute the event shape function FQQC(ζ) at
the leading order O(g2) in massless QCD.
Before we move on, a comment is due on the analytic continuation of the four-point
function in (2.32). At loop level the Euclidean correlator involves a non-trivial function
with branch cuts (see (3.20) below). Its analytic continuation may seem to be a highly
nontrivial task. A solution was found in [15, 16] (following an idea of G. Mack [32]).
It makes use of the Mellin representation of the function (3.20). Under the sign of the
Mellin integral the analytic continuation is straightforward, according to the rule (2.20).
We implement this procedure in Sect. 4.2.1. An alternative, even more efficient way is to
replace the detector time integrations by the double discontinuity of the function (3.20)
[13, 33, 34]. This method is applied in Sect. 4.2.2.
3 Correlation function of four vector currents at one loop
In this section we calculate the four-point correlation function of electromagnetic currents
in a massless gauge theory in the one-loop approximation. At this perturbative level non-
abelian effects play no role, so our calculation is valid in QED as well as in QCD. The
difference is only in the overall color factor.
The QCD Lagrangian contains gauge bosons (gluons) and fermions (quarks):3
L = −
1
2
trFµνF
µν + Ψ¯iγµDµΨ . (3.1)
Here Dµ = ∂µ − igAµ is the covariant derivative with the gauge connection Aµ = A
a
µTa;
Fµν =
i
g [Dµ,Dν ] is the field-strength tensor; Ψ is a Dirac spinor in the fundamental repre-
sentation of the color group; the color generators of SU(Nc) are normalized as tr(TaTb) =
1
2δab.
The vector J
(v)
µ = Ψ¯γµΨ and axial vector J
(a)
µ = Ψ¯γµγ5Ψ currents are classically
conserved and are associated with Noether charges. The conservation of the vector current
J
(v)
µ takes place in the quantum theory as well. The corresponding composite operator is
protected from infinite UV renormalization in perturbation theory. The conservation of
the axial current at the quantum level is spoiled by the Adler-Bardeen anomaly.
The perturbative calculations in the gauge theory (3.1) usually require UV renormal-
ization of the fields and coupling constant. However, in the one-loop approximation O(g2)
we can avoid these complications. Indeed, the interaction vertex renormalization effects
play no role since β(g) = O(g3). Also, in our scheme the fermion propagator renormal-
ization is finite at the one-loop level (see (3.22) below). Thus the correlation function of
currents in the one-loop approximation4
〈Jµ(x1) . . . Jν(xn)〉 = G
tree
µ...ν(x1, . . . , xn) + g
2G1-loopµ...ν (x1, . . . , xn) +O(g
4) (3.2)
3Gauge theories involving scalar fields, such as N = 4 sYM, are beyond our considerations.
4Here and in the following the terms ‘tree’ and ‘one-loop’ do not refer to the topology of the Feynman
graphs representing the correlator. They follow the analogy with the amplitude calculations and denote
the perturbative corrections at orders O(g0) and O(g2), respectively.
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x1 x2
x0′
x3
x0
x4
Figure 2: A typical Feynman graph of the correlator 〈JJJJ〉 at order O(g2). It contains
two interaction vertices corresponding to integrations
∫
d4x0d
4x0′ .
is a finite four-dimensional quantity which does not require UV regularization. This is
crucial for maintaining the conformal invariance of the classical Lagrangian at this pertur-
bative level. As we show below, conformal invariance greatly facilitates our task.
In the following we use the two-component Lorentz spinor index notation, see Ap-
pendix A. We split the Dirac fermion in a pair of Weyl (or equivalently Majorana) fermions
χ and ψ,
Ψ = (χα , ψ¯
α˙) , Ψ¯ = (ψα , χ¯α˙) . (3.3)
Then the Lagrangian (3.1) in the two-component notation takes the following form
L = LYM + iψ
αD+αα˙ψ¯
α˙ + iχαD−αα˙χ¯
α˙ , LYM ≡ −
1
2
trFµνF
µν , (3.4)
where D±αα˙ = σ
µ
αα˙D
±
µ = ∂αα˙ ∓ igAαα˙, so that the Weyl fermions ψ and χ have opposite
charges. The vector and axial vector currents
J (v)µ = ψ
ασµαα˙ψ¯
α˙ − χασµαα˙χ¯
α˙ , J (a)µ = ψ
ασµαα˙ψ¯
α˙ + χασµαα˙χ¯
α˙ (3.5)
are independent linear combinations of the two Weyl currents. In the following we consider
correlation functions of the currents Jαα˙ ≡
1
2σ
µ
αα˙Jµ = ψαψ¯α˙ built out of one of the Weyl
fermions. Since neither the interaction vertices nor the propagators mix the two kinds of
fermions, we can immediately infer the correlation functions involving J (v) and/or J (a).
3.1 Computation of the one-loop correlation function via the Lagrangian in-
sertion procedure
The Feynman diagram calculations of correlation functions in coordinate space are quite
different from the amplitude calculations in momentum space. In coordinate space we
integrate over the space-time position of the interaction vertices. The typical Feynman
graph depicted in Fig. 2 contributes to the four-point correlator of currents at order O(g2).
The integrations over x0 and x0′ make this graph comparable to a two-loop amplitude
Feynman graph. Fortunately, we can considerably simplify the task via the Lagrangian
insertion method [35, 36].
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We start by rescaling the gauge field, Aµ →
1
gAµ, after which the Lagrangian (3.1)
takes the following form
L =
1
g2
LYM + iψ
αD+αα˙ψ¯
α˙ + iχαD−αα˙χ¯
α˙ , (3.6)
where LYM (3.4), the field strength F and the covariant derivatives D do not depend on
the coupling constant g. It is only present in (3.6) as an overall factor in front of LYM.
We use the rescaled Lagrangian (3.6) in the path integral representation of the correlation
function,
〈Jµ(x1) . . . Jν(xn)〉 =
∫
DΦ ei
∫
d4xL(x)Jµ(x1) . . . Jν(xn) , (3.7)
where DΦ denotes the integration measure for all the fields of the theory. Differentiating
both sides of (3.7) with respect to g2 we obtain
g2
∂
∂g2
〈Jµ(x1) . . . Jν(xn)〉 = −
i
g2
∫
DΦ ei
∫
d4xL(x)
∫
d4xLYM(x)Jµ(x1) . . . Jν(xn)
= −
i
g2
∫
d4x 〈LYM(x)Jµ(x1) . . . Jν(xn)〉 . (3.8)
In this way we express the one-loop correction of the correlation function of currents (3.2)
in terms of a correlator with one additional Lagrangian point, calculated at the lowest
perturbative order (Born level),
g2G1-loopµ...ν (x1, . . . , xn) = −i
∫
d4x 〈LYM(x)Jµ(x1) . . . Jν(xn)〉Born . (3.9)
The calculation of the n−point correlator of currents is done in two steps:
• Calculation of the (n + 1)−point correlator with the operator LYM at the insertion
point at Born level,
Gµ...ν(x1, . . . , xn|x) = 〈LYM(x)Jµ(x1) . . . Jν(xn)〉Born . (3.10)
As we will see later on, this correlator is a rational function.
• Space-time integration over the Lagrangian insertion point,
g2G1-loopµ...ν (x1, . . . , xn) = −i
∫
d4xGµ...ν(x1, . . . , xn|x) . (3.11)
In the following subsections we proceed by successively implementing both tasks. As
explained earlier, at this perturbative level the conformal symmetry of the Lagrangian (3.6)
is preserved. Consequently, both the rational function in (3.10) and its integral in (3.11)
enjoy manifest conformal covariance. This circumstance greatly facilitates the further steps
in evaluating the charge-charge correlation.
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x1 x2
x3x4
x
x1 x2
x3x4
x
x1 x2
x3x4
x
x1 x2
x3x4
x
x1 x2
x3x4
x
x1 x2
x3x4
x
Figure 3: Feynman diagrams contributing to 〈LYM(x)J(x1)J(x2)J(x3)J(x4)〉Born built
out of fermion propagators and T-blocks shown in Fig. 5.A.
3.2 Feynman diagrams at order O(g2)
The tree-level correlator of currents Jαα˙ = ψαψ¯α˙ is a sum of products of fermion propaga-
tors. For example in the four-point case we obtain
〈Jαα˙(x1)Jββ˙(x2)Jγγ˙(x3)Jδδ˙(x4)〉tree = −
Nc
(2π2)4
∑
σ∈S4/Z4
(xσ1σ2)αβ˙(xσ2σ3)βγ˙(xσ3σ4)γδ˙(xσ4σ1)δα˙
x4σ1σ2x
4
σ2σ3x
4
σ3σ4x
4
σ1σ4
(3.12)
where the sum over the inequivalent permutations amounts to Bose symmetrization. Here
we tacitly imply permuting the Lorentz indices along with the points xi. Expression (3.12)
is manifestly conformal, carrying conformal weight (+3) at each point.
Let us now consider the Born-level correlator of four currents with one Lagrangian
insertion. The corresponding Feynman diagrams are shown in Figs. 3 and 4. We also need
to Bose symmetrize them by adding five noncyclic permutations of the external points like
at tree level. Each diagram contains two interaction vertices gψAψ¯ from the Lagrangian
(3.4), so the Born-level correlator is of order O(g2) in the coupling.
Inspecting the Feynman diagrams in Fig. 3 we see that they are products of fermion
propagators and the so-called T-blocks – an interaction vertex of two fermions and a gluon
with the field strength at the gluon propagator end, see Fig. 5.A,
〈ψα(x1)ψ¯α˙(x2)F
µν
a (x3)〉g =
ig Ta
(2π)6
∫
d4x0 ∂
β˙
α
1
x210
∂βα˙
1
x220
σ
[ν
ββ˙
∂µ]
1
x230
=
g Ta
(2π)4
{
4(x12)αα˙
x412
x
[µ
31x
ν]
32
x213x
2
23
−
(x12x˜23σ
[µσ˜ν]x32)αα˙
2x212x
2
13x
4
23
−
(x˜21x13σ˜
[µσν]x˜31)αα˙
2x212x
4
13x
2
23
}
. (3.13)
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x1 x2
x3x4
x
x1 x2
x3x4
x
x1 x2
x3x4
x
x1 x2
x3x4
x
Figure 4: Feynman diagrams contributing to 〈LYM(x)J(x1)J(x2)J(x3)J(x4)〉Born built
out of fermion propagators and Lagrangian insertions of the type shown in Fig. 5.B.
ψα(x1) ψ¯α˙(x2)
F(βγ)(x3)
x0
ψα(x1) ψ¯α˙(x2)
trF 2(x3)
x0 x0′
(A) (B)
Figure 5: (A) T-block diagram (3.13) representing 〈ψψ¯F 〉 at Born level. (B) Lagrangian
insertion in the fermion propagator (3.14).
The integration in eq. (3.13) is carried out by means of the star-triangle relation, which
yields a rational function. This object is gauge covariant (not invariant), consequently it
is not conformally covariant.
The diagrams in Fig. 4 contain another building block depicted in Fig. 5.B. It is a
Born-level diagram representing the coupling of the Yang-Mills Lagrangian to the fermion
propagator. This diagram contains two interaction vertices with integrations
∫
d4x0d
4x0′ .
Remarkably, it turns out to be a rational function,5
〈ψα(x1)ψ¯α˙(x2) tr (F
2
µν)(x3)〉g2
=
2ig2CF
(2π)10
∫
d4x0d
4x0′∂αβ˙
1
x210
∂βγ˙
1
x200′
∂γα˙
1
x220′
[
2ǫβγǫβ˙γ˙∂µ
1
x230
∂µ
1
x230′
− ∂γ˙γ
1
x230
∂β˙β
1
x230′
]
=
2ig2CF
(2π)6
(x12)αα˙
x412x
4
13x
4
23
[x412 + x
4
13 + x
4
23 − 2x
2
12x
2
13 − 2x
2
12x
2
23 − 2x
2
13x
2
23] , (3.14)
5This result is far from obvious. It has been obtained in two independent ways. Firstly, we split the two
field strengths F (x3)F (x3′) apart, then evaluated the new four-point function and took the limit x3′ → x3
in a symmetric way. The second method used the knowledge that the two-point functions of the super-
descendants of the half-BPS operator tr(φ2) in N = 4 sYM are protected. The corresponding one-loop
diagrams with Lagrangian insertion are made from several subdiagrams, one of them being (3.14), the rest
are explicitly known. This allowed us to express the unknown building block as a sum of known ones.
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x1
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x3x4
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∂
=⇒
x1 x2
x3x4
x
⇐=
x1
x2
x3x4
x
∂
Figure 6: The current conservation Ward identity (3.16) can be easily verified at the level
of the correlator Feynman diagrams given in Figs. 3 and 4.
where
CF =
N2c − 1
2Nc
(3.15)
is the Casimir invariant of the fundamental color representation of the fermions. Similarly
to (3.13), expression (3.14) is not conformally covariant.
Combining all the ingredients above, we obtain a rather bulky expression for the (4+1)-
point Born-level correlation function, which is the one-loop integrand of the correlator of
four currents, see eq. (3.11). Let us emphasize once more that the integrand is a finite
rational function living in four space-time dimensions. Despite of the fact that the indi-
vidual Feynman graphs contributing to the integrand are not conformally covariant, the
integrand itself (i.e. the gauge invariant sum of all the graphs) is conformal. We explicitly
checked that this property holds.
An additional check of our result for the integrand is provided by current conservation.
The divergence of the correlator with respect to each current point must vanish (up to
possible contact terms), e.g.
∂α˙α1 〈LYM(x)Jαα˙(x1) . . . Jδδ˙(x4)〉Born = 0 . (3.16)
We checked that the integrand obtained has this property. The current conservation can
be easily seen at the level of the Feynman graphs. Since by definition
∂α˙α〈ψα(x)ψ¯β˙(0)〉 = δ
α˙
β˙
δ(4)(x) , (3.17)
the derivative shrinks the fermion propagator to a point, and the ‘shrunk’ Feynman di-
agrams cancel pairwise, as depicted in Fig. 6. Using eq. (3.17) we can derive first order
differential equations for the building blocks (3.13) and (3.14). We checked that the pro-
vided rational expressions satisfy these differential equations.
3.3 Result for the four-point correlation function
Having obtained the one-loop integrand, at the next step we integrate over the Lagrangian
insertion point, see eq. (3.11). Even though the correlator of four currents is UV finite
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in the one-loop approximation, the integration of some individual terms of the integrand
could lead to UV divergences. So we need to introduce an intermediate regulator. We
use dimensional regularization and integrate over the Lagrangian point in D = 4 − 2ǫ
dimensions. Since the integrand carries Lorentz spinor indices, we have to specify how to
treat this objects in D dimensions. We assume that the σ matrices are four-dimensional
and we do the spinor algebra in four space-time dimensions. When rewriting the integrand
numerator we have the choice between two prescriptions: either (xx˜)α
β = δβαx2 or (xx˜)α
β =
δβα(x2−µ2) where x2 is D-dimensional and µ2 is the (−2ǫ)-dimensional part of x2 [37]. We
did the calculations in both schemes and found identical results.
The integrals that we need can be mapped to the well-known families of one-loop
amplitude integrals with massive legs and massless internal propagators. The numerators
of the integrands are tensors of maximal rank two. We perform the tensor reduction
procedure in coordinate space in order to reduce them to scalar one-loop integrals (see
Appendix C). Then we do IBP reduction of the scalar integrals to a set of master integrals:
bubble, three-mass triangle, and four-mass box integrals. Removing the regulator ǫ→ 0 we
find that the triangle integrals are suppressed, and all the ǫ-poles in the individual terms
cancel out in the sum. The logarithmic terms log(x2ij) in the ǫ-expansion of the bubble
integrals combine together into logarithms of the conformal cross-ratios
u =
x212x
2
34
x213x
2
24
, v =
x214x
2
23
x213x
2
24
. (3.18)
Thus the one-loop correlator takes the following form
G1-loop(x1, . . . , x4)
= −
4NcCF
(2π)10
[
Rc(x)Φ
(1)(u, v) +Ru(x) log(u) +Rv(x) log(v) +Rr(x)
]
+R′r(x) , (3.19)
where we omit the Lorentz indices. The various R’s are rational functions of the coordi-
nates. They are conformally covariant tensors carrying spin 1 and weight (+3) at each
point. The function Φ(1) is the well-known cross integral (four-mass box integral in the
amplitude literature),
Φ(1)(u, v) =
1
z¯ − z
[
2Li2
(
z
z − 1
)
− 2Li2
(
z¯
z¯ − 1
)
− log
(
zz¯
(1− z)(1− z¯)
)
log
(
1− z
1− z¯
)]
(3.20)
given here in the z, z¯ parametrization of the conformal cross-ratios
u = zz¯ , v = (1− z)(1 − z¯) . (3.21)
We remark that Φ(1) is regular at z = z¯. The rational term Rr(x) in (3.19) comes from
the ǫ · 1ǫ = 1 cancellations between the simple poles of the bubbles and the D-dependent
coefficients of the IBP relations and the tensor reductions.
The conformal covariance of our final result (3.19) is a strong check of our calcula-
tion. Note however that the rational functions Rc, Ru, Rv, Rr do not arise in a manifestly
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conformal form in our Feynman graph calculation. To find a conformal representation for
them we study their singularities, construct a conformal ansatz for their numerators, and
match them with the ansatz. In the case of interest we need to list the conformal polyno-
mial tensors of conformal weight (−6) at each point. This is done as follows. We use the
conformal expressions (xij)αiα˙j , (xikx˜kj)αiαj , and (x˜ikxkj)α˙iα˙j as elementary constituents,
and form products that are conformal tensors carrying the eight Lorentz spinor indices of
the currents, αα˙ . . . δδ˙. In this way we find 242 linearly independent over Q polynomial
conformal tensors. Then we complement them with polynomials in x2ij such that each
tensor carries conformal weight (−6) at each point, and we find that only 1024 of them
are linearly independent over Q. We take them as a basis of conformal structures for the
numerators of Rc, Ru, Rv, Rr.
The last rational term R′r(x) in (3.19) stays apart. It comes from integrating out the
Lagrangian insertion point in the Feynman diagrams in Fig. 4. Integrating the building
block (3.14) we find the one-loop propagator correction∫
d4x3 〈ψα(x1)ψ¯α˙(x2) tr (F
2
µν)(x3)〉g2 = −
3g2CF
(2π)4
(x12)αα˙
x412
, (3.22)
which is proportional to the free fermion propagator.6 Consequently, R′r is proportional to
the tree-level correlator (3.12),
R′r(x1, x2, x3, x4) =
3g2NcCF
8(2π2)5
∑
σ∈S4/Z4
(xσ1σ2)αβ˙(xσ2σ3)βγ˙(xσ3σ4)γδ˙(xσ4σ1)δα˙
x4σ1σ2x
4
σ2σ3x
4
σ3σ4x
4
σ1σ4
. (3.23)
Obviously, this term is conformal on its own and satisfies the current conservation.
Differentiating Φ(1) with respect to the variables u, v gives
∂uΦ
(1) =
1
λ2
[
(1− u+ v)Φ(1) + 2 log u+
1− u− v
u
log v
]
,
∂vΦ
(1) =
1
λ2
[
(1 + u− v)Φ(1) + 2 log v +
1− u− v
v
log u
]
, (3.24)
where λ2(u, v) = 1 + u2 + v2 − 2u − 2v − 2uv = (z¯ − z)2. Thus one sees that the current
conservation Ward identity for (3.19) relies on a nontrivial system of differential equations
relating the functions Rc, Ru, Rv, Rr. We explicitly checked that (3.19) does satisfy current
conservation with respect to each external point.
An essential drawback of the representation (3.19) of our result is that the rational
functions Rc, Ru, Rv, Rr contain spurious poles at z = z¯. We would like to obtain another
representation for the correlator which has only the physical singularities determined by
the OPE. By differentiating further eqs. (3.24) we obtain relations which allow us to ex-
press log(u), log(v), Φ(1) in terms of the second-order derivatives ∂2uuΦ
(1), ∂2vvΦ
(1), ∂2uvΦ
(1).
Substituting these expressions back in (3.19) we find that all the (z − z¯) factors in the
denominators of the rational coefficients disappear. The resulting expression contains only
6We recall that the one-loop correction to the fermion propagator is scheme and gauge dependent.
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physical singularities. Finally, we assemble the x2ij into conformal cross-ratios and the
correlator takes the following form
G1-loop(x1, . . . , x4) =−
4NcCF
(2π)10
1
(x213x
2
24)
4
[
∂2uuΦ
(1)
∑
I
c(I)uu (u, v)TI + ∂
2
vvΦ
(1)
∑
I
c(I)vv (u, v)TI
+ ∂2uvΦ
(1)
∑
I
c(I)uv (u, v)TI +
∑
I
c
(I)
0 (u, v)TI
]
+R′r . (3.25)
The coefficients c(u, v) are polynomial in u, v, u−1, v−1. The Lorentz indices are carried by
31 conformal structures {TI}
31
I=1 with conformal weight (−1) at each point.
7 We can write
them down schematically in the following form
TI =
∑
J
(b
(J)
0 + b
(J)
u u+ b
(J)
v v) tJ , (3.26)
where b0, bu, bv are integers and the tensors tJ are formed from conformally covariant
products of (xij)αiα˙j , (xikx˜kj)αiαj and (x˜ikxkj)α˙iα˙j .
8 The tensors TI are parity even and
real in Minkowski kinematics, i.e. converting the spinor indices to vector indices,
(TI)αα˙...δδ˙ σ˜
α˙α
µ σ˜
β˙β
ν σ˜
γ˙γ
λ σ˜
δ˙δ
ρ , (3.27)
we find that the resulting expressions do not involve the Levi-Civita tensor. The explicit
expressions for TI and c(u, v) are provided in the ancillary file. Of course, our choice of
basis of conformal tensors in (3.25) is not unique. The main advantage of this choice is
that the basis tensors and their coefficients do not have unphysical singularities.
We calculated the correlation function (3.25) of four currents Jαα˙ = ψαψ¯α˙ built from
one Weyl spinor and its conjugate (or equivalently, from one Majorana fermion). One can
easily see that the one-loop Feynman rules yield the same result for the correlator of four
currents J˜αα˙ = χαχ¯α˙. Since the interactions do not mix the ψ and χ fields, see (3.4), the
connected components of the correlators involving a mixture of J and J˜ have to vanish. We
conclude that the correlator of four vector electromagnetic currents J (v) from (3.5) equals
twice (3.25). If instead we use an odd number of axial currents from (3.5), the one-loop
correlator vanishes.
4 From the correlation function to the charge-charge correlation
In this section we evaluate the event shape function (2.33) for the charge-charge correlation
at one loop. We substitute our result (3.25) for the correlation function of four electromag-
netic currents J ≡ J (v) in the definitions (2.32) and (2.17). The charge flow correlation
7It would be interesting to compare this number to the known basis of 43 conformal tensors in the most
general correlator of four spin-one vectors, see e.g. [23, 25].
8We need 9 products of four (xij)αiα˙j , e.g. (x13)αγ˙(x21)βα˙(x34)γδ˙(x42)δβ˙ , and 45 products of two
(xij)αiα˙j and (xikx˜kj)αiαj and (x˜ikxkj)α˙iα˙j , e.g.
1
x2
14
(x13)αγ˙(x41)δα˙(x˜21x14)β˙δ˙(x24x˜43)βγ .
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between two detectors in the direction of ~n and ~n′ is given by
〈Q(~n)Q(~n′)〉 = σ−1tot
∫
d4x14e
iqx14
∫ ∞
−∞
dx2−dx3− (4.1)
lim
x2+,x3+→∞
x22+x
2
3+〈Jαα˙(x1)Jββ˙(x2)Jγγ˙(x3)Jδδ˙(x4)〉 ǫ
αδǫα˙δ˙ n¯β˙βn¯′γ˙γ .
As explained in Sect. 2.4, we consider a rotationally invariant event shape, which allows us
to contract the Lorentz indices at points 1 and 4.
4.1 Detector limit
In (4.1) the two detectors at points 2 and 3 are infinitely far away from the sink and
source at points 1 and 4. In order to take the detector limit, we introduce the light-cone
parametrization (2.14) of the detectors,
xµ2 = x2+ n
µ + x2− n¯
µ , xµ3 = x3+ n
′µ + x3− n¯
′µ , (4.2)
in the basis of the lightlike vectors n2 = n¯2 = (n′)2 = (n¯′)2 = 0. The detector currents are
projected, J+(x2) = n¯
µJµ(x2) and J+(x3) = n¯
′µJµ(x3). Sending the detectors to infinity
amounts to the limit x2+, x3+ →∞ in which
x212 → 2x2+x21−, x
2
13 → 2x3+x31−, x
2
24 → 2x2+x24−, x
2
34 → 2x3+x34−,
x214 → x
2
14, x
2
23 → −2(nn
′)x2+x3+ . (4.3)
Here we use the short-hand notations
x21− = x2−(nn¯)− (nx1) , x24− = x2−(nn¯)− (nx4) ,
x31− = x3−(n
′n¯′)− (n′x1) , x34− = x3−(n
′n¯′)− (n′x4) . (4.4)
We find that the detector limit takes the following form9
lim
x2+,x3+→∞
x22+x
2
3+ 〈J
µ(x1)J+(x2)J+(x3)Jµ(x4)〉 = −
g2NcCF
24π10
(nn¯)(n′n¯′)
x814 (nn
′)3
G(u, v, γ) , (4.5)
where (see (3.18))
u =
x21−x34−
x31−x24−
, v = −
x214(nn
′)
2x31−x24−
, γ =
2(nx14)(n
′x14)
x214 (nn
′)
. (4.6)
The dimensionless and inert under the rescalings (2.15) variable γ is the space-time coun-
terpart of the angular variable ζ in (2.33). The function G(u, v, γ) is given by
G(u, v, γ) = P(u, v, γ)Φ(1)(u, v) +
v2
u3
rr(u, v, γ) , (4.7)
9In taking the limit we ignore the rational term R′r in (3.25). It is proportional to the Born-level
correlator and the corresponding event shape is a contact term [16].
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where P is a second-order differential operator,
P(u, v, γ) ≡
v4
u2
[
ruu(u, v, γ) ∂
2
uu + ruv(u, v, γ) ∂
2
uv + rvv(u, v, γ) ∂
2
vv
]
(4.8)
and ruu, ruv, rvv and rr are polynomials in u, v, γ:
ruu = −u
(
2u3 + u2(3− 2γv) + u((4− 3γ)v + 3) + (γ − 2)v2 − 2(γ − 1)v + 3
)
,
ruv = −2u
4 + u3(2(γ + 1)v + 1) + u2v(γ − 2γv + 3)− uv(γ + 2(γ − 1)v − 5)
+ (γ − 2)v3 + (4− 3γ)v2 − 2γv + v + 1 , (4.9)
rvv = v
(
−2γ + 2u3 + u2(1− 2γ(v + 1))− (γ − 3)uv + u+ (γ − 3)v2 + v + 1
)
,
rr = −u
3 − u2(γv + v − 2) + u
(
(3γ + 4)v2 − (γ + 1)v − 1
)
+ v
(
(γ − 2)v2 + 2v + 1
)
.
We see that the detector limit drastically simplifies the correlation function.
4.2 Detector time integration
At the next step, we need to analytically continue the Euclidean result (4.5) to Minkowski
space with Wightman prescription and then integrate over the detector times. This defines
the integrated charge-flow correlation in position space,
〈JµQQJµ〉 = −
g2NcCF
24π10
(nn¯)(n′n¯′)
x814 (nn
′)3
∫ ∞
−∞
dx2− dx3− G(u, v, γ) . (4.10)
We present two different approaches to computing the integrated correlator. In subsec-
tion 4.2.1 we adopt the Mellin approach [15, 16]. In subsection 4.2.2 we explain and apply
the method of integrated double discontinuity [13].
4.2.1 Analytic continuation via Mellin transform
In Minkowski space, the space-time intervals x2ij have small imaginary parts which reflect
the Wightman prescription (2.20), i.e. x21− → x21−+iǫ, x24− → x24−−iǫ, x31− → x31−+iǫ,
x34− → x34− − iǫ . The prescription specifies the integration contours over the detector
time variables. The integration of the rational term in (4.7) is straightforward. The contour
integrals can be done by taking the residues at x21− = 0 and x34− = 0.
The first term in (4.7) involves the second derivatives of Φ(1). It contains polyloga-
rithms, whose analytic continuation can be tricky and the time integration appears to be
more difficult. Following [15, 16], we first convert the correlation function to Mellin space.
The analytic continuation of the Mellin transform is straightforward [32] because its space-
time dependence is very simple. More specifically, we use the Mellin representation [38, 39]
Φ(1)(u, v) =
∫ δ+i∞
δ−i∞
dj1dj2
(2πi)2
M(j1, j2)u
j1vj2 , (4.11)
where −1/2 < δ < 0 and
M(j1, j2) = −
1
4
[Γ(−j1)Γ(−j2)Γ(j1 + j2 + 1)]
2 . (4.12)
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The derivatives of Φ(1) in (4.8) are equivalent to the following substitutions in the Mellin
representation
∂2uu → j1(j1 − 1)u
−2 , ∂2vv → j2(j2 − 1)v
−2 , ∂2uv → j1j2 u
−1v−1 . (4.13)
Schematically, we can write P(u, v, γ)Φ(1) in terms of the following Mellin integral,
[PΦ(1)](u, v, γ) =
∫ δ+i∞
δ−i∞
dj1dj2
(2πi)2
M(j1, j2)
[
P(u, v, γ)uj1vj2
]
=
∑
m,n
∫ δ+i∞
δ−i∞
dj1dj2
(2πi)2
fm,n(j1, j2, γ)u
j1−mvj2−n , (4.14)
where m,n are integers whose range is determined by the polynomials ruv, ruu, and rvv .
The crucial point is that the cross-ratios u, v in (4.14) are immediately converted to the
Wightman prescription above,
u =
(x21− + iǫ)(x34− − iǫ)
(x31− + iǫ)(x24− − iǫ)
, v = −
x214(nn
′)
2(x31− − iǫ)(x24− + iǫ)
. (4.15)
The next step is to carry out the time integration with the help of the formula
(nn¯)
2πi
∫
dx2−(−x21− − iǫ)
p−1(x24− − iǫ)
q−1 =
Γ(1− p− q)
Γ(1− p)Γ(1− q)
((nx14)− iǫ)
p+q−1 ,
and similarly for the detector point 3. We obtain the Mellin representation for the inte-
grated correlator
2(nn¯)(n′n¯′)
x214(nn
′)
∫ ∞
−∞
dx2−dx3−[PΦ
(1)]
= −4π2
∑
m,n
∫ δ+i∞
δ−i∞
dj1dj2
(2πi)2
fm,n(j1, j2, γ)
[
Γ(j2 − n− 1)
Γ(m− j1)Γ(j1 + j2 −m− n)
]2
γ−j2+n+1 .
(4.16)
Summing up all the pieces, the integrand in Mellin space is γ−j2−1 times a polynomial in
γ of degree 4 with rational coefficients in j1, j2. Implementing the Mellin integrations over
j1, j2 and combining with the contribution from the rational term rr(u, v, γ) in (4.7), we
obtain the charge-charge correlation in coordinate space,
〈Jµ(x1)Q(n)Q(n
′)Jµ(x4)〉 =
NcCF g
2
2π8x614γ
3(nn′)2
[
Li2
(
1−
1
γ
)
+
3
2
log(γ)−
π2
6
+
γ
2
+
7
4
]
.
(4.17)
It is a function of the variable γ defined in (4.6) encoding the angular separation of the
two detectors. The prefactor on the right-hand side gives it the required dimension and
scaling weight under (2.15).
– 21 –
4.2.2 The method of double discontinuity
The Mellin approach described in the previous subsection is based on the Mellin repre-
sentation of the correlation function. At higher loop orders it involves the evaluation of
multi-fold Mellin integrals (e.g., four-fold at two loops), thus making the calculation inef-
ficient. In Ref. [13], a different approach to the time integration was applied to the NNLO
calculation of the energy-energy correlation in N = 4 sYM where it proved to be very
efficient. The idea is to convert the time integrals to the integrated double discontinuity
[33, 34] of the correlation function. It allows us to perform both the analytic continuation
and the time integrals as one operation in position space, without referring to the explicit
Mellin amplitude. Here we generalize the method to the QCD correlation function and
provide some details not presented in [13]. In particular, we explain how to derive the two-
fold integral representation of 〈JQQJ〉 in terms of the double discontinuity of 〈JJJJ〉.
In App. D we list the explicit rules for computing the double discontinuities of typical
functions containing simple or higher-order poles.
Double discontinuity is an operation that takes twice the discontinuity of a multivalued
function g(w) across two adjacent Riemann sheets,
dDiscw=0 ≡ 2 disc
	
w=0disc

w=0 , (4.18)
where disc	w=0 g ≡
1
2i
[
g(e2πiw)− g(w)
]
, discw=0 g ≡ −
1
2i
[
g(e−2πiw)− g(w)
]
.
This definition implies dDiscw=0[w
j ] = 2 sin2(πj)wj , hence the Mellin representations of a
function g(w) and of its double discontinuity differ by a factor of 2 sin2(πj).
Now we show that the integrated correlation function can be defined through its double
discontinuity. Let us assume that the weightless correlation function G(u, v, γ) from (4.5)
admits a Mellin representation,
G(u, v, γ) =
∑
m,n
∫
dj1
2πi
dj2
2πi
fm,n(j1, j2, γ)u
j1−mvj2−n , (4.19)
where the sum goes over integers within a certain finite range. The two-fold time integral
in (4.16) evaluates to
G(γ) ≡
2(nn¯)(n′n¯′)
x2(nn′)
∫
dx2−dx3− G(u, v, γ) (4.20)
=
1
2π2
∑
m,n
∫
dj1dj2
(2πi)2
fm,n(j1, j2, γ)[2 sin
2(πj1)] [B(j1 −m+ 1, j2 − n− 1)]
2γ−j2+n+1 ,
where we encounter the Euler beta function
B(j1, j2) =
Γ(j1)Γ(j2)
Γ(j1 + j2)
=
∫ 1
0
dt tj2−1(1− t)j1−1 . (4.21)
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The integral representation on the right-hand side allows us to convert the Mellin contour
integrals in (4.20) into a two-fold integration over a finite interval,
G(γ) = −
1
2π2
1
γ
∫ 1
0
dt dt¯ g
(
u(t, t¯, γ), v(t, t¯, γ), γ
)
,
where u(t, t¯, γ) ≡ (1− t)(1− t¯), v(t, t¯, γ) ≡
1
γ
tt¯ . (4.22)
The function g(u, v, γ) is defined through its Mellin representation,
g(u, v, γ) =
∑
m,n
∫
dj1dj2
(2πi)2
fm,n(j1, j2, γ)[2 sin
2 πj1]u
j1−mvj2−n−2 . (4.23)
Comparing (4.23) with (4.19), we observe that g(u, v, γ) can be obtained by taking the
double discontinuity of G(u, v, γ) at u = 0,
g(u, v, γ) = dDiscu=0
[
1
v2
G(u, v, γ)
]
. (4.24)
The main advantage of this method is that, given a Euclidean correlation function,
the double discontinuity can be worked directly without referring to its explicit Mellin
representation. To proceed, we set u = (1 − z)(1 − z¯), v = zz¯, and change variables
(z, z¯) → (t, z¯) with z =
t(t− z¯)
γtz¯ − γz¯ − tz¯ + t
. (4.25)
Under such a reparametrization the integrand factorizes linearly. We arrive at a new
representation of (4.22) that expresses the integrated correlator in terms of the double
discontinuity at z¯ = 1,
G(γ) =
∫ 1
0
dz¯
∫ z¯
0
dt
1
γz¯(1− t)− t(1− z¯)
dDiscz¯=1
[
(z¯ − z)
(zz¯)2
G(z, z¯, γ)
]
. (4.26)
The correlation function (3.20) contains polylogarithms with branch cuts at z, z¯ = 0 or 1.
In order to take the double discontinuity, we extract the logarithmic singularities at z¯ = 1,
so that the correlation function takes the form
(z¯ − z)
(zz¯)2
G(z, z¯, γ) = a(z, z¯, γ) + b(z, z¯, γ) ln(1− z¯) , (4.27)
where a and b are free from logarithmic singularities but they contain poles at z¯ = 1 up to
degree 3. We first carry out the integral over t, which does not increase the degree of the
poles at z¯ = 1 but produces additional powers of ln(1 − z¯). After this we are left with a
one-dimensional integral,
G(γ) =
∫ 1
0
dz¯
{
dDiscz¯=1 [B0(z¯, γ) ln(1− z¯) +A0(z¯, γ)]
+ ln(1− z¯) dDiscz¯=1 [B1(z¯, γ) ln(1− z¯) +A1(z¯, γ)]
}
, (4.28)
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where A0,1 and B0,1 contain only isolated poles but no branch cuts at z¯ = 1. Taking the
double discontinuity generates distributional terms at z¯ = 1 (see Appendix D for detail).
The integral in (4.28) picks the residues of A1 and B0 at z¯ = 1. The result is
〈JµQQJµ〉 = −
NcCF g
2
25π10
1
x614 (nn
′)2
G(γ)
= −
NcCF g
2
24π8
1
x614 (nn
′)2
[Resz¯=1B0(z¯, γ)− Resz¯=1A1(z¯, γ)]
=
NcCF g
2
2π8x614γ
3(nn′)2
[
Li2
(
1−
1
γ
)
+
3
2
log(γ)−
π2
6
+
γ
2
+
7
4
]
, (4.29)
which fully agrees with the answer for the Mellin integral given in (4.17).
4.3 Fourier transform and final result
The last step in obtaining the event shape function FQQC(ζ) is converting the result (4.17)
for the integrated correlation function to momentum space according to the definitions
(2.32) and (2.33). In our one-loop calculation the normalization factor σtot is evaluated at
Born level, since its finite O(g2) correction contributes only to the contact terms in F (ζ).
With the help of (2.24) we find
σ0 =
∫
d4x eiqx〈Jµ(x)J
µ(0)〉Born =
2Nc
π4
∫
d4x eiqx
(−x2 + iǫx0)3
=
Nc
2π
q2θ(q0)θ(q2) . (4.30)
The details of the Fourier transform of (4.17) are given in Appendix E. The result is
FQCDQQC (ζ) = 4π
2(nn′)2σ−10
∫
d4x eiqx 〈Jµ(x)QQJµ(0)〉
=
CF g
2
4π2
2 log(1− ζ) + ζ(2 + ζ)
ζ(1− ζ)
+O(g4) . (4.31)
This is the main result of the present paper. In Appendix B we obtain the same result by
the standard amplitude method.
For comparison we quote the N = 4 sYM result [16]
FN=4QQC (ζ) =
g2Nc
π2
ln(1− ζ)
(
2ζ
1− ζ
R1 +R2
)
+O(g4) , (4.32)
where R1, R2 are constant R-symmetry factors. We see that the leading asymptotic sin-
gularity when ζ → 1 (back-to-back scattering) in (4.31) and in (4.32) is the same, up
to numerical coefficients which differ due to the R-symmetry factor. The one- and two-
loop results for the energy-energy correlations in N = 4 sYM and QCD coincide in the
back-to-back regime [11, 16].
In conclusion we recall that the complete result for the event shape includes contact
terms C1δ(ξ) +C2δ(1− ξ) corresponding to the collinear and back-to-back regimes. These
contributions are beyond the scope of the present paper. For more detail see [15, 17–19].
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5 Conclusion and future directions
In this paper, we provided a proof of principle that event shapes in QCD can be obtained
from correlation functions. Contrary to the standard approach using amplitude methods,
where one encounters in general infrared divergences in the virtual contributions and phase
space integrals, our setup is completely infrared finite. This is a conceptual simplification.
In the paper we restricted ourselves to the simplest case of the one-loop charge-charge
correlation. The next logical step is to go to the physically more interesting case of the
energy-energy correlation. It requires the calculation of the four-point correlation function
of two currents (source and sink) and two energy-momentum tensors (detectors of energy
or calorimeters). This correlation function will have a more complicated tensor structure.
Moreover, the energy-momentum tensor involves both the gauge field and the fermions, so
we will have new types of Feynman diagrams. We plan to develop the necessary tools for
such calculations.
At the order we computed, the traditional amplitude approach is without doubt more
efficient. However, this may very well change at higher orders in perturbation theory.10
We may profit from the well developed methods for computing correlation functions in
position space, see e.g. [41] for three-loop results of a scalar four-point function in the
N = 4 sYM theory, certain higher-loop four-point integrals [42], or results on four- and
five-loop anomalous dimensions from two-point functions [43] and splitting functions [44].
Furthermore, additional simplifications can be expected due to the finiteness of our method,
e.g. via special four-dimensional integral identities or methods [45, 46].
We used conformal symmetry as an organizing principle for the result of the four-
point correlator we evaluated. This was very useful, but not essential to our approach. In
particular, the method of double discontinuity of Sect. 4.2.2 is universal, it can be applied
to a non-conformal correlation function. One important change at higher loops in QCD is
the appearance of a non-vanishing beta function and renormalization of the fields.11 This
means that UV divergences will have to be dealt with. It also means further, non-conformal,
structures can appear in the result for the correlator. It may be very interesting to study
such terms at a conformal fixed point, see [47–49] and references therein for related work.
An interesting question arises when comparing the correlator 〈JQQJ〉 to the full four-
point function 〈JJJJ〉. In Sect. 4.1 we have seen a dramatic simplification when two of the
currents become charge detectors Q. What is the deep reason for this? The answer may
come from comparing the OPE of currents to the OPE of light-ray operators (for a recent
study see [19]). It appears that the latter captures only a small subset of the former.
Another direction for further application of the method is the study of multi-detector
energy correlations (for some very recent results see [50]). In our language it will require
computing correlation functions of the type 〈JT . . . TJ〉 with multiple energy-momentum
tensor insertions. Already a Born level calculation can give us non-trivial information
about such highly complex observables.
10The QQC is known to be infrared divergent beyond one loop [6, 40] but other observables, such as the
EEC, are IR safe.
11The conserved currents and energy-momentum tensor are protected from UV renormalization.
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A Conventions and conformal properties in position space
We use the two-component spinor conventions of [51, 52]. The relations between Lorentz
four-vectors and 2× 2 matrices are defined by
xαα˙ = x
µ(σµ)αα˙ , x˜
α˙α = xµ(σ˜µ)
α˙α = ǫαβǫα˙β˙xββ˙ , (A.1)
with the sigma matrices σµ = (1, ~σ) and σ˜µ = (1,−~σ). To raise and lower two-component
indices we use the Levi-Civita tensors
ǫ12 = −ǫ
12 = ǫ1˙2˙ = −ǫ
1˙2˙ = 1 , ǫαβǫβγ = δ
α
γ , (A.2)
satisfying the identities
xαα˙y˜
α˙β + yαα˙x˜
α˙β = 2(x · y)δβα , xαα˙x˜
α˙β = x2δβα , x
2 =
1
2
xαα˙x˜
α˙α . (A.3)
The space-time derivative is defined as ∂αα˙ = σ
µ
αα˙∂µ and has the property
∂αα˙x˜
β˙β = 2δβαδ
β˙
α˙ . (A.4)
The easiest way to check conformal invariance is to make the discrete operation of
conformal inversion
I[xµ] =
xµ
x2
, I2 = I . (A.5)
The basic fields in a D = 4 conformal theory transform with specific conformal weights:
I[φ] = x2φ , I[ψα] = x
2x˜α˙αψα , I[ψ¯
α˙] = −x2xαα˙ψ¯
α˙ , I[Fαβ ] = x
2x˜α˙αx˜β˙βFαβ , (A.6)
namely (+1) for a scalar φ, (+3/2) for a spinor ψ and (+2) for a field strength. These
weights are chosen so that the field equations are covariant. For example, let us check the
covariance of the free Maxwell equation ∂˜α˙αFαβ = 0, where Fαβ = Fβα is the self-dual half
of the Maxwell field strength. To this end we use the inversion property of the derivative
∂αα˙
I
→ −x˜α˙βx˜β˙α∂ββ˙ , (A.7)
as follows from the identity
∂αα˙x
2 = 2xαα˙
I
→ −x˜α˙βx˜β˙α∂ββ˙
(
1
x2
)
= 2
xαα˙
x2
. (A.8)
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We then have
∂˜α˙αFαβ
I
→ − xαρ˙xρα˙∂˜
ρ˙ρ(x2x˜α˙γx˜β˙δFγδ) = −x
4xαρ˙x˜
β˙δ(∂˜ρ˙γFγδ) , (A.9)
where we have used the property ǫαβFαβ = 0 of the self-dual tensor. Introducing a vector
source term (conserved current) jα˙β of the Maxwell equation, we deduce its inversion law
∂˜α˙αFαβ = j
α˙
β =⇒ j
α˙
β
I
→ −x4xαρ˙x˜
β˙δ jρ˙δ . (A.10)
The current transforms as a vector with conformal weight (+3) which is the sum of the
weights of the derivative and the field strength.
B Charge-charge event shape from LO amplitude calculation
As explained in Sect. 2, the standard approach to event shapes is to start from their
definition as weighted cross sections. One computes the matrix element |M(Xi → Xf )|
2,
sums over all the final states f and integrates over the phase space,
Fw(ζ) ≡
∑
Xf
∫
dΠf |M(Xi → Xf )|
2 w(ζ;Xf ) , (B.1)
where w is a measurement function that determines how to weigh a given final state. In
the case of two detectors the event shape is a function of the variable ζ defined in (2.33)
and related to the angle θ between the two detectors. The calculation can be done in the
center-of-mass frame qµ = (q0,~0), where the measurement function for charge correlations
is given by
wQQC(ζ;Xf ) ≡ 16π
2ζ2σ−1tot
∑
i,j
QiQj
∫
d2~n d2~n′ δ
(
2ζ − (nn′)
)
× δ2(Ω~ki −Ω~n) δ
2(Ω~kj − Ω~n′) . (B.2)
Here n = (1, ~n), n′ = (1, ~n′) and ~n, ~n′ are the unit vectors defining the directions of the
detectors. The overall factor in (B.2) comes from our definition (2.33) of the event shape
function F (ζ) (recall (2.34)). In (B.2), we sum over i and j running over all particles in
the final state, and we integrate over the orientations of the detectors, fixing the angle
between them. The charge correlation defined through (B.1) and (B.2) is consistent with
the standard definition of a similar event shape, namely EEC (see e.g. [4, 31]). More
explicitly,
FQQC(ζ) ≡ 2ζ
2
∑
i,j
∫
d cos θij QiQj δ
(
2ζ − 1 + cos θij
) 1
σ0
dσ
d cos θij
. (B.3)
The definition here is slightly different from (2.6) where ~n, ~n′ are fixed without being
integrated over. This results in an extra overall factor,
∫
d2~nd2~n′ δ
(
2ζ − (nn′)
)
F (ζ) =
8π2 F (ζ), which has been incorporated in the normalization in (B.3).
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(a) (b) (c) (d)
Figure 7: Representative cut real emission Feynman diagrams for the one-loop cross
section in e+e− annihilation where the final-state particles penetrate the two detectors. In
(a) and (b) the detectors capture the gluon and (anti-)quark; in (c) and (d) they capture
the quark and anti-quark.
We are interested in the charge-charge correlation at one-loop order, where the detec-
tors are separated by a generic angle. In this case we do not consider the situation where
both detectors are aligned and capture the same particle, i.e. if ζ = 0. At ζ 6= 0, we also
do not consider the pure virtual diagrams at this order. Their contribution is a contact
term ∼ δ(ζ − 1), since momentum conservation forces the two final-state particles to go
back to back. For this reason we will focus on the process γ∗(q)→ q(k1)q¯(k2)g(k3) at tree
level, whose contribution is a regular function for 0 < ζ < 1. First, we compute the matrix
element of the initial state sourced by the vector electromagnetic current Jµ = Ψ¯γµΨ (with
Ψ, Ψ¯ standing for the quark/antiquark fields) and the three-particle final state. After sum-
ming over the final state helicities and taking the color trace, the matrix element squared
reads ∑
helicity
tr |Mµ|
2 =
∑
helicity
tr
∣∣〈0|Jµ(0)|k1 k2 k3〉∣∣2
= 32παsNcCF Q
2
f
[
s23
s13
+
s13
s23
+
2q2s12
s13 s23
]
, (B.4)
where αs = g
2/(4π), and Qf is the (fractional) charge carried by a quark of a given flavor
f . Let us introduce the dimensionless variables τi, i = 1, 2, 3,
τi ≡
2q · ki
q2
, so that
sij
q2
= 1− τn, n 6= i 6= j, and τ1 + τ2 + τ3 = 2 . (B.5)
In the center-of-mass frame τi defines the fraction of the total energy carried by the ith
particle. The three τ−variables also determine the angles between each pair of final-state
particles. More explicitly,
2Ei
q0
= τi ,
1− cos θij
2
=
1− τn
τiτj
, n 6= i 6= j . (B.6)
The three-body final-state phase space is conveniently parametrized by the τi’s,
dΠ3 ≡ (2π)
4δ4(q − k1 − k2 − k3)
3∏
i=1
d4ki
(2π)4
2πδ+(k
2
i )
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=
q2
(4π)5
dΩ1dφ12 dτ1dτ2dτ3 δ(2 − τ1 − τ2 − τ3)
3∏
i=1
θ(τi)θ(1− τi) , (B.7)
where Ω1 is the direction of ~k1, and φ12 is the azimuthal angle of ~k2 in the coordinate
system where ~k1 is the polar axis. To proceed, we combine the matrix element (B.4) and
the phase-space measure (B.7), and thus define the tree-level differential cross section for
γ∗ → qf q¯fg (qf/q¯f stands for (anti-)quark of a given flavor),
1
σ0
dσfLO
dτ1dτ2
=
αs
2π
CF
Q2f∑
f Q
2
f
τ21 + τ
2
2
(1− τ1)(1 − τ2)
. (B.8)
Here σ0 =
Nc
2π
∑
f Q
2
f q
2 is the Born-level total cross section where we sum over the flavors
of the quarks.
Now we are ready to compute the charge-charge correlation. By definition, it measures
the differential cross section weighted by the electric charge carried by particles i and j at
a fixed angular separation (recall (B.3)),
FQQC(ζ)
LO
= 2ζ2
∑
f
∫ 1
0
dτ1
∫ 1
1−τ1
dτ2 δ
(
ζ −
τ1 + τ2 − 1
τ1τ2
)
· (−Qf ) · (Qf ) ·
1
σ0
dσfLO
dτ1dτ2
.
Here we sum over unordered pairs (ij) in the final state. The two-fold phase-space integral
yields the one-loop charge-charge correlation
FQQC(ζ)
LO
=
αs
π
CF RQ
2 log(1− ζ) + ζ(2 + ζ)
ζ(1− ζ)
, (B.9)
where RQ ≡
∑
f Q
4
f∑
f Q
2
f
. This result agrees with (4.31),12 thus showing the consistency between
the amplitude calculation and our approach based on correlation functions.
C Tensor reduction of the one-loop integrals
In order to evaluate the integrals with tensor numerators we need to reduce them to scalar
integrals. We apply the following procedure for the tensor reduction. The most complicated
tensors that we encounter have rank two. Poincare´ invariance implies that the tensor
integral is a sum of 10 tensor structures,13
∫
d4x0
xµ0a1 x
ν
0a2
(x201)
n1 (x202)
n2 (x203)
n3 (x204)
n4
=
∑
k 6=a1, l 6=a2
xµk a1x
ν
l a2 Ik,l + δ
µν I0 , (C.1)
12In the correlation function approach the charge detector is made from the conserved electromagnetic
current Jµ, recall (2.9). In this definition we have not specified the units of charge for a given particle,
hence the absence of the factor RQ in (4.31).
13Given 4 points xµi , there are 3 independent translation invariant variables x
µ
ij , from which we can make
32 = 9 rank-two tensors. The 10th tensor is the Kronecker δµν .
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where Ik,l and I0 are some scalar integrals. To find them we define the projectors
Pµk;a =x
µ
ka [(xi1axi2a)
2 − x2i1ax
2
i2a] + x
µ
i1a
[(xkaxi1a)x
2
i2a − (xi1axi2a)(xkaxi2a)]
+ xµi2a [(xkaxi2a)x
2
i1a − (xi1axi2a)(xkaxi1a)] , (C.2)
where k 6= a and {i1, i2, k, a} is a permutation of {1, 2, 3, 4}. They satisfy
Pk;a · xia = 0 for i 6= k . (C.3)
Then we define the set of 10 rank-two projectors
T µνk,l = P
µ
k;a1
P νl;a2 , k 6= a1 , l 6= a2 ;
T µν10 = −δ
µν +
∑
k 6=a1, l 6=a2
(xka1 · xla2)
(Pk;a1 · xka1)(Pl;a2 · xla2)
Pµk;a1P
ν
l;a2 . (C.4)
The projector T10 has the useful properties
T µν10 δµν = 3−D , T
µν
10 (xka1)µ(xla2)ν = 0 . (C.5)
Now we project eq. (C.1) with the 10 projectors,∫
d4x0
xµ0a1 (Tk,l)µν x
ν
0a2
(x201)
n1 (x202)
n2 (x203)
n3 (x204)
n4
= xµk a1(Tk,l)µν x
ν
l a2 Ik,l + T
µν
k,l δµν I0 ,∫
d4x0
xµ0a1 (T10)µν x
ν
0a2
(x201)
n1 (x202)
n2 (x203)
n3 (x204)
n4
= (3−D) I0 . (C.6)
This triangular system of equations is solved immediately and we find the scalar integrals
Ik,l and I10.
D Rules for taking double discontinuity
Starting from the master formula, dDisc[w−p+ǫ] = 2 sin2(πǫ)w−p+ǫ , we can generate loga-
rithms terms via derivatives and work out the double discontinuity of pole times powers of
logarithms (e.g. the integrand in (4.28)) efficiently. For p, n,m ∈ N , the general formula is
dDiscw=0[w
−p+ǫ
+ ln
m w+] ln
nw+
= ∂mǫ
[
2 sin2(πǫ) ∂nǫ
Γ(ǫ− p+ 1)
Γ(ǫ)
∂p−1w
(
1
ǫ
δ(w) +
∑
k=0
ǫk
k!
w−1+ ln
k w+
)]
. (D.1)
Taking the limit ǫ → 0, we obtain the double discontinuity of a p−th degree pole times
multiple powers of logarithms. Here are a few examples of the application of (D.1) for
n = 0, 1, m = 0, 1:
dDiscw−p+ǫ+
ǫ→0
−→ 0 ,
dDisc[w−p+ǫ+ ] lnw+
ǫ→0
−→ −2π2
(−1)p−1
(p− 1)!
δ(p−1)(w) ,
dDisc[w−p+ǫ+ lnw+]
ǫ→0
−→ 2π2
(−1)p−1
(p − 1)!
δ(w) ,
dDisc[w−p+ǫ+ lnw+] lnw+
ǫ→0
−→ 0 . (D.2)
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Applying these formulas to the integral in (4.28) we find
G(γ) = 2π2
∑
p
1
(p − 1)!
[
∂p−1z¯ B0(z¯, γ)− ∂
p−1
z¯ A1(z¯, γ)
] ∣∣∣∣
z¯=1
= 2π2Resz¯=1 [B0(z¯, γ) −A1(z¯, γ)] , (D.3)
as stated in (4.29).
E Fourier transform in eq. (4.31)
We start with the Fourier integral14∫
d4x
eiqxγj
(x2 − iǫx0)3γ3
= −
π3q2ζ3−j
2Γ(j)Γ(5 − j)
2F1 (2− j, 2− j; 5 − j|ζ) , (E.1)
with γ and ζ defined in (4.6) and (2.33), respectively. This integral is obtained using
Schwinger’s parametrization, with the help of the formula [15]∫ ∞
0
dωdω′ (ωω′)a
[
(q − nω − n′ω′)2
]b
θ((q − nω − n′ω′)2)θ(q0 − n0ω − n
′
0ω
′)
=
Γ2(a+ 1)Γ(b+ 1)
Γ(2a+ b+ 3)
ζa+1(q2)a+b+1(2(nn′))−a−1 2F1 (a+ 1, a+ 1; 2a + b+ 3|ζ) . (E.2)
Using (E.1) we find∫
d4x
eiqx
(x2 − iǫx0)3γ3
= 0 ,∫
d4x
eiqxγ
(x2 − iǫx0)3γ3
= −
π3q2
2ζ
[(ζ − 2) log(1− ζ)− 2ζ] ,∫
d4x
eiqx log(γ)
(x2 − iǫx0)3γ3
= −
π3q2
8ζ(1− ζ)
[ζ(6− 5ζ) + (2ζ2 − 8ζ + 6) log(1− ζ)] . (E.3)
To obtain the last identity we acted with ∂j |j=0 on both sides of (E.1).
The Fourier transform of the dilogarithm term in eq. (4.17) is found with the help of
the relation [21] [
γ2(1− γ)2G
′′
(γ)
]′′
=
1
16
(x2)32x
G(γ)
x2
. (E.4)
We substitute G(γ) = 1γLi2
(
1− 1γ
)
in this equation and Fourier transform both sides,∫
d4x
eiqx
(x2 − iǫx0)3γ3
[
4Li2
(
1−
1
γ
)
+ 12 log(γ) + 6γ − 13
]
=
(q2)2
16
∫
d4x
eiqx
x2 − iǫx0
1
γ
Li2
(
1−
1
γ
)
=
π3q2
2
ζ log(1− ζ)
1− ζ
, (E.5)
where the second relation can be found in [15]. Thus we get∫
d4x
eiqx
(x2 − iǫx0)3γ3
Li2
(
1−
1
γ
)
=
π3q2
2
3(2 − ζ)ζ + (6− 6ζ + ζ2) log(1− ζ)
ζ(1− ζ)
. (E.6)
Combining these steps yields (4.31) in the main text.
14In what follows we assume q0 > 0 and q
2 > 0.
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